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Abstract. We consider the problem of imaging extended reflectors in waveguides
using partial array aperture, i.e., an array that does not span the whole depth of
the waveguide. To image we employ a method that back-propagates a weighted
modal projection of the usual array response matrix. The challenge in this setup
is to correctly define this projection matrix in order to maintain some nice energy
concentration properties for the imaging method that were obtained previously in [36]
for the full aperture case. We propose in this paper a way for achieving this and study
the properties of the resulting imaging method.
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1. Introduction

We consider the problem of detecting and imaging extended impenetrable obstacles in a
finite in depth and infinite in range two-dimensional acoustic waveguide. Sound pulses
are generated by a vertical array of transducers with partial aperture, i.e., an array that
does not span the whole depth of the waveguide. The term extended is used to indicate
that the typical size of the reflectors is comparable to the acoustic wavelength. The
current work is based, and extends to the partial-aperture array case, the methodology
that we have proposed in [36], where we have studied the problem of imaging extended
scatterers in waveguides selectively using a vertical full-aperture array of transducers.
We have in mind applications in underwater acoustics where sound waves are used to
probe the sea and their echoes are recorded and analysed in order to detect submerged
objects. The marine environment that we consider is modelled as an infinite strip of
constant depth. Although this is a simplified and rather ideal model of a marine acoustic
environment it still carries and exhibits the main features and challenges of acoustic wave
propagation in the sea.

We now present the main features of the imaging problem that we are interested in.
We assume that an array consisting of IV transducers is set vertically in the waveguide.
At first, each element of the array acts as a point source and emits a sound pulse, whose
echoes are recorded in all the elements of the array that now act as receivers. In this way
it is formed an N x N matrix ﬁ; this is the so-called array response matriz. Specifically,
we shall consider that we are given the array response matrix for the scattered field,
where this is obtained, as usually, by subtracting the incident field from the total field.
Given these data, we want to create images of parts of the waveguide that would assist
us to decide whether a scatterer is present or not. The usual procedure in imaging
is summarised in the following steps: a) We determine a bounded subdomain of the
waveguide that is usually called the search domain, b) we discretize the search domain,
and c) in each node of the search domain we associate the value of an imaging functional.
Then the graph of this functional forms the image that we are looking for, where,
usually, peaks that are related with the functional’s maxima indicate the presence of the
scatterer. Examples of widely used imaging techniques include the Kurchhoff Migration
functional (KM) (see [4, §9]), the matched field functional (see [18]), the linear sampling
8, 9, 21] and the factorization method [2].

The problem of detecting obstacles in waveguides has been studied extensively
using various techniques in several configurations related to applications such as
marine acoustics, inspection of underground pipes, etc. Indicatively, for mathematical
investigation of inverse scattering problems in homogeneous acoustic waveguides with
horizontal or planar boundaries we refer to [16, 11, 26], see also [10] and the references
therein. Of course, to image accurately an extended reflector one should take full
advantage of information that emanates from its edges. This is the concept of selective
imaging for extended reflectors that was inspired from the concept of selective focusing,
and the associated well-known DORT method, [24, 27], which allows one to derive images
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that focus selectively on each one of several point (or small) scatterers in a medium. In
6], the so-called subspace projection method was used to image selectively the edges
of extended scatterers in free space. In the same spirit, in our earlier work, [36], we
have proposed an alternative functional, that was based on Kirchhoff migration, and on
a weighted modal projection of the array response matrix denoted by @, to selectively
image extended scatterers in waveguides using an active array of sensors which spans
the whole depth of the waveguide.

In this paper we briefly review our imaging approach and consider a simplified model
problem where the scatterer is a vertical one-dimensional perfect reflector; from now on
will be referred to as screen. The object is twofold: First, we pursue the analysis of
the spectral properties of the weighted modal projection of the array response matrix,
@, and we investigate the relation between P and its singular vectors, with the well
known prolate matriz and the prolate spheroidal wave functions, respectively, which
have been analyzed in a series of outstanding papers by Slepian, Pollak and Landau,
(34, 19, 20, 31, 32]. Second, the screen model problem and the properties of the singular
vectors of P are used in order to appropriately modify our approach to handle the case of
a partial-aperture array. This is of practical importance in applications since often the
arrays that are used do not span the whole depth of the waveguide, see, e.g., [15] for a
shallow-water experiment conducted in the Mediterranean Sea. However, the extension
from full- to partial-aperture array case is not at all straightforward since key properties,
like the orthonormality of the vertical eigenfunctions along the array, do not hold any
more. We therefore propose an appropriate definition of the weighted projected matrix
P for the partial aperture case and study the performance of the corresponding imaging
functional for the screen model problem as we decrease the array aperture.

The paper is organised as follows. In Section 2 we formulate the imaging problem
and briefly review our selective imaging approach. In Section 3 we study the screen
model problem in the full-aperture case and establish the relation with the prolate
spheroidal wave functions. In Section 4 we appropriately modify our approach to handle
the case of a partial-aperture array. In Section 5 we present the outcome of some
numerical simulations that we have performed for more general extended scatterers
such as a square and a disc. Moreover, we test our methodology in a waveguide with
depth-dependent sound speed profile.

2. Formulation of the problem

In this work, we study the problem of imaging extended reflectors in an infinite,
homogeneous two-dimensional acoustic waveguide with horizontal boundaries, using an
array A that consists of N transducers that can act both as sources and receivers. The
term ‘extended’ indicates that the size of the scatterer is comparable to the acoustic
wavelength. The array is set vertically in the waveguide and may or may not span the
whole depth of the waveguide; we refer to the latter case as partial aperture imaging.
Specifically, our infinite waveguide is R x [0, D] in Cartesian coordinates (z,x), where
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the horizontal z—axis denotes the range and the vertical z—axis the depth (assumed to
be positive downward). A single scatterer, denoted by O, is located in the waveguide,

tot

see Figure 1. Then the total acoustic pressure field p*°* satisfies the wave equation

. 1 92ptot t, T -
Ap(2,) = 5 T — @) 0
where the source term models a point-like source with time harmonic dependence. A
Dirichlet (pressure release) condition is imposed on the two horizontal boundaries, and
we assume a suitable radiation condition, and that p**(¢, &) = 0 for ¢ < 0. Moreover,
the scatterer O is considered to be acoustically hard, hence a homogeneous Neumann

condition is imposed on dO. Taking the Fourier transform
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Figure 1: Schematic depiction of the waveguide imaging problem.

ﬁtOt(w, ﬂ_f) — /ethptOt(t, :1_:’) dt,
we obtain from (1) the Helmholtz equation
—AF*w, &) ~ KN w, &) = flw. &), (2)

where k = w/cy is the real wavenumber, w is the angular frequency, and A = 27/k is
the wavelength.

In what follows we shall also need the outgoing Green’s function @(:E, &) of the
Helmholtz operator due to a point source located at @5 = (2, z5), where & = (z,x) €

R x (0,D). Here G is expressed in terms of its usual normal mode representation,
(17, 26,

N o 1 G 1 iBn|z—2
Gl@ &) = 5 D g™ Xu(0) Xa(rs), 3
n=1""

where {ft,, X, }ne12,. are the eigenvalues and corresponding orthonormal eigenfunctions
of the two-point vertical eigenvalue problem

X"(x) 4+ puX(z)=0, 2€(0,D) and X(0)=X(D)=0,
and are given by

pn = (nm/D)?, X, (z) = +\/2/Dsin(y/iinx), n=1,2,.... (4)
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Moreover, the (,, are the horizontal wavenumbers, defined as

ﬁ _ \/kQ_Mna ].STLSM, (5)
") i — k2, n> M 41

where we have assumed that for each frequency there exists an index M such that

piar < K? < piarsa

The first M eigenvalues correspond to the propagating modes, while the rest to the
evanenscent modes that decay exponentially with range.

2.1. Array imaging setup

We assume that the data that we have in our disposal are tabulated in the so-called
array response matriz, henceforth denoted as ﬁ; an N X N complex matrix whose (r, s)
element is the Fourier transform of the echoes recorded on the r-th transducer (acting
as a receiver) due to a d—function impulse generated by the s-th transducer (acting as
a source), for a given frequency w. Specifically, we shall consider that we are given the
array response matrix for the scattered field formulated, as usual, by subtracting the
incident field from the total field. We also assume that the transducers are distributed
uniformly on the array, and that the array is quite dense, i.e. the inter-element array
distance h is appropriately small.

In this work we are mainly going to make use of an imaging functional, denoted by
Z¥M_ that was introduced in [36] and is defined as

M
T =S 1 —i Za—2° S S\TD
IKM(:U 7w) = _W Z € (B +6m)] ‘Xn(x )Xm('r )Pmn(w>7 (6>
m,n=1

for a single frequency w, where §* = (2% 2*) denotes a point in our search domain S
and z, is the location in range of our array. The M x M matrix Pisa weighted modal
projection of the array response matrix, and in the full array case (A = [0, D]) is given
by the relation

W) :ﬁmﬁn/ d:cs/ da, T(&,, @y, ) Xon () Xo(2,),  mom =1, M. (7)
A A

We use for our functional the symbol KM to distinguish it from the classical Kirchhoff
migration (KM) functional, [5 7],

(g za 3 ) GEd ) (5)

where G is the Green’s function defined in (3), and the bars denote complex conjugation.
Furthermore, we may reconstruct specific parts of the scatterer by means of a
selective imaging technique, called the subspace projection method [6], which is based
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on the singular value decomposition (SVD) of the matrix ]IAD(w) To be more specific, let
us write the SVD of P(w) in the form:

P
P(w) = Z g; UZV:,
i=1
where 09 > ... > 0, > 0,41 = ... = oy = 0 are the singular values, p = rank(@(w)),
and U;, V; are the left and right singular vectors, respectively.
This allows us to create a filtered version of the matrix P(w) as

P
DIP(w)] =Y dio;U;Vy,
=1

where the d;’s may be viewed as filter weights. In our case, d; = 1 or 0, depending
whether we take the i—th singular vector into account in the computation of the filtered
version of the matrix, or not. Based on this filtered version of the matrix @, we define
the functionals

M

- — 1 —i Za—2° s s ™

Tou(g,w) =~ >, e R TIX @)X, (00) (DBW) (9)
m,n=1

and

_ 1 XM

T (g w) = =g 3 e PR (0 X (@) (o0 @) U @)Viw) L (10)
m,n=1

where f}(M corresponds to the case where we project just on the J-th singular vector,
i.e. dyj=1and d; =0 for all i # J.

3. A model problem: Connection with band-limited functions

In this section we revisit a simplified model problem that we have introduced in [36].
There are two main reasons for that: First, we provide some new results that allow us
to clarify further the performance of "M i this ideal setting, and, second, this model
problem will serve as a guide in order to extend the applicability of our imaging approach
in the case of the partial array; this will be pursued in the next section.

Now we briefly present the model problem and summarize some known results that
will be useful to us in what follows. In the waveguide described in the previous section
we assume that the array passes through the x axis, and that N transducers that span
the whole depth of the waveguide are located equidistantly at depths z; = ih, 1 < i < N,
where h := D/(N +1). The scatterer T is a one-dimensional vertical mirror, a ‘screen’,
located at range z = L, see Figure 2. Let the coordinates of its endpoints be (L, «) and
(L, 8), hence its width equals b = 8 — «, and let us denote by C the vertical section of
the waveguide at range z = L, i.e., C ;== {(L,x): 0 <z < D}.
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Figure 2: Sketch of a one-dimensional vertical scatterer (‘screen’) 7 and basic notation.

We assume that each point of the target has unit reflectivity, thus the Born
approximation allows us to ideally express the (7, s)-entry of the array response matrix
as

~

=

(@, &s ) = K2 /T G(§.,)C(§, &) dr. (11)

where the source is now located at &; = (0,x;), the receiver at & = (0,x,),
s,re{l,2,...,N}, y=(L,x), z € [o, 8], and G is the Green’s function defined in (3).
Recall that u,, X, are the eigenvalues and corresponding orthonormal eigenfunctions of
the operator —d?/dz?* in H*(0, D) N H}(0, D), defined in (4), and 3, are the horizontal
wavenumbers defined in (5).

In the following we suppress the multiplicative constant k2, we insert (3)
into (11) and take into account that when L is sufficiently large the terms

(e_V“’"_kQL)/\/um — k2, for m > M + 1, are practically zero. These allow us to
approximate the array response matrix as

. M iBmL il fa
fi(,: %) = 4 X2 Xol2) 5 [ Xon() Xo), (12)
m,n=1 Bm Bn Js

or, equivalently, as a matrix product of the form

M=-1VvD;QAyQDsVT, (13)
where

Ds = diag(1/B1,...,1/By), Q = diag(eL ... ePmk), (14)
V is the N x M matrix with

Vie = Xo(xg), k=1,....N{=1,..., M, (15)

and A, is the matrix with entries

B
amn:/ X ()X (2)de, m,n=1,2,... M. (16)
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Now, the orthonormality of the eigenfunctions {X,,},—1 2 . implies that the matrix
P that is defined in (7), and is employed in the definition (6) of the functional Z¥ is
related to the matrix A, as follows

B= 0440 (17)

where () is the diagonal matrix diag(e!L,... e¥»L). Hence, up to a multiplicative
constant, Pis unitarily equivalent to A,,.

Therefore, the spectral properties of Ay, play an important role in understanding
the behavior of the imaging functional 7M. One may easily check that A, is a
real, symmetric Toeplitz-minus-Hankel matrix, with its generating function being the
indicator function of T, [36]. Specifically,

AM = TM — HM, where TM = <t£7m>é\’4m:17 HM = (t@rm)%m:l?

and
1 D
o= 5 /O () cos " d, (18)

where 17(z) is the indicator function of 7.

Now, let us introduce some notation that is fairly standard, see e.g. [35, 1]: Let J
be the flip matrix (i.e. the matrix that has ones on the secondary diagonal and zeros
elsewhere). Then, a vector & € R is called symmetric if J& = x and skew-symmetric
if Jx = —x. Moreover, an eigenvalue v of a matrix 7" is defined to be even (odd) if T
has a symmetric (skew-symmetric) v—eigenvector.

Classical results by Szeg6, [13, pp. 64-65], and Trench, [35], allow us to characterize
fully the eigenvalues of Ayy; for details we refer to [36]. Specifically, the eigenvalues of
Ay are the odd eigenvalues of the (2M + 1) x (2M + 1) Toeplitz matrix Topr41, and

they are clustered emphatically near 0 and 1. To be precise, if u = (u!,... u™)T is an
orthonormal eigenvector of A,; that corresponds to an eigenvalue v, then
—Ju
v =212 0 =27V (—upy, o =g, 0y, upg) T (19)
u

is an orthonormal skew-symmetric v—eigenvector of Th);.1, and vice versa. We shall say
that eigenvectors that correspond to eigenvalues that are close to 1 comprise the signal
subspace, those that correspond to eigenvalues that are close to 0 comprise the noise
subspace, and, finally, the eigenvectors that correspond to intermediate eigenvalues form
the transient subspace. Moreover, we may estimate the number of ‘significant’ singular
values for the matrix A,;: It is approximately equal to

3] -[2]

where A is the wavelength, M = LTJ is the number of propagating modes in the

waveguide, and b is the width of the screen. Recalling that the cross-range resolution
is A\/2, we conclude that the rank of the matrix A, is roughly equal to the size of the
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object divided by the ‘array resolution’. This result was already known to hold in the
free-space case (see [6, §4.5.2]).

Next, we consider the imaging functional fffM evaluated at a search point 5 =
(L, z°) that is located at the correct range L. Note that the subscript J indicates that
for selective imaging only the J-th singular vector is employed in the approximation of
the matrix P. Then, from (10) and (17) we have that

2 o 2
7 _ J _ 2\—1 J o P
T5M(G®) = oy ( h Zu X ) = (8Dh*) "o, (;un sin — ) ,(21)

where w’ = (uf,ug,...,ui,)?

is the singular vector of A, that corresponds to the
singular value o;. Hence, the Z5" functional at the correct range is in fact, up to a
constant, the square of the trigonometric polynomial

M
ps(x) = (2/D)2 " u! sin % (22)
n=1
The orthonormality of the vertical eigenfunctions and a one line calculation imply that
N LD S e e
=0y.
HpJH%Q[O,D] fo p5(z) dx Zj\m/lzl (uih,)?

Therefore the trigonometric polynomial that corresponds to the first singular vector u!
and, consequently, the associated image computed at the correct range L, exhibit the
largest fractional concentration of energy in (a, ).

Now we are in a position to scrutinize the form of the singular vectors of the matrix
Aps. In [36] we have derived some analytic expressions for those singular vectors which
correspond to singular values that are close to 1. In the remaining part of the section
we provide explicit characterizations for the singular vectors of A;; depending on the
various positions of the screen.

3.1. A screen attached on the top of the waveguide

Assume that the screen is attached on the top of the waveguide, i.e. T = {(L,z): x €
[0,b]}. In this case the eigenvectors of the matrix A); may be recovered through (19)
by the skew-symmetric eigenvectors of the matrix Ty, which satisfy

M

1 m —n)mb
Z sin( ) Ui:VJ'U/;]r” m=-M,...,M,
(m—n)mw D
n=—M
where skew—symmetry implies that u/, = —u/, i = 1,..., M. Therefore, in this case
{u/}M _,, may be identified as a skew-symmetric dzscrete prolate spheroidal sequence

( DPSS ), [32], (also known as a Slepian sequence) which is a discrete analog of the prolate
spheroidal wave function (PSWF) 1451, [34]. Specifically, 1, is the eigenfunction that
corresponds to the n-th eigenvalue of the Fredholm integral equation

" sincfz —y) i) ael
[ D )ty = va(a), € -1 -
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where, in our case, the so-called bandwidth parameter is ¢ = 2wb/\ = bk, k being the
wavenumber. The PSWFs possess many interesting properties, see e.g. [34, 33, 23].
Here we just name two: The eigenvalues are discrete and form a decreasing sequence
Vo > 1y > ... that tends to zero as n — oo, and the corresponding eigenfunctions v, (x)
are even or odd with n.

Now, letting vy, = é\—g (A is the wavelength), we may interpret the trigonometric
polynomial p; in (22) as a Riemann sum that approximates the integral

1 1
@/{) Pas-1(y) sin(8y) dy = @/1 ¢2J—1(y)ei£y dy

= 72J—1¢2J—1<%>7 z € [0, D],

where & := 2mx/\ = kx, and the first equality holds since 197 is an odd function
in [—1, 1], while the second equality reflects the interesting property that the Fourier
transform of a PSWF restricted to [—1, 1] is invariant except for a horizontal stretching,
(33, Eq. (24)]; note that ~9;_; is independent of x.

In order to illustrate these conclusions we consider a waveguide with depth equal to
D =200 m and constant sound speed equal to ¢y = 1500 m/s. The frequency is equal
to 73 Hz, hence the wavelength A\ ~ 20.548 m, and the screen’s width equals b = 40 m.
Then, M = 19 modes propagate in the waveguide and according to (20) we expect Ay
to possess four ‘significant’ singular values. Indeed, the first three lie close to 1, the
fourth is approximately 0.62, the fifth one is approximately equal to 0.04, while the rest
are less than 4x 10~* and decrease rapidly to zero. In Figure 3 we superimpose the graph

2
of the trigonometric polynomial (p;(z))? on the graph of the PSWF (ng_l(%)> , both

normalised with respect to their maximum values, for x € [0, D], and for J =1,2,...,6.
As expected, these functions for J =1 to 4 are mainly supported in [0, ] = [0, 40],
while for J =5 and 6 they are supported in the exterior of [0, b].

3.2. A screen attached on the bottom of the waveguide

In this case let T = {(L,z) : © € [D —b, D]}. Then it is easy to check that the entries
of the matrix A, satisfy

D b
o= [ Xol)Xala)dz = (1" [ X, ()X, 0)
D—b 0
and, consequently, if u = (ul)f\il is a v-eigenvector of Aj; when the screen is
attached on the top of the waveguide, then one may show that v := (v;)M, =

((—1)”1u,~)£1 is a v-eigenvector of A, when the screen is attached on the bottom
of the waveguide. Moreover, let us denote, for the moment, p'®(z) = S  w/ X, (z) to
be the trigonometric polynomial for a screen attached on the top of the waveguide, and
Pt(z) = oM v/ X, () to be the corresponding trigonometric polynomial for a screen

attached on the bottom of the waveguide. Then it is easy to show that

i (x) = py*(D — x),
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Figure 3: The graph of (p;(z))? (dashed line printed in blue) superimposed on the graph
2
of (% J-1 <%>> (solid line printed in red), for x € [0,200]. (Both are normalised with

respect to their maximum values.) Top row: J = 1,2,3, bottom row: J = 4,5,6. The
frequency is f = 73 Hz, and the width of the screen b = 40 m.

which implies that the image created by the imaging functional ff,‘M, at the correct range

2
L, is determined by the graph of the PSWF ('QDQJ_]_(%)) , x €1[0,D].

3.8. A screen located in the interior of the waveguide

In this case let T = {(L,z) : z € [o, 8] C [0,D]}. Eq. (19) suggests, as before, that
the eigenvectors of Aj; are determined through the skew-symmetric eigenvectors of the
matrix Thysy1, where they now satisfy the system of equations

M
1 _ _
Z m (Sin W — sin W) 'LLZ = I/Ju;fl, (24)
n=—M
for m = —M,..., M. Equations (24) may be viewed as the discrete analog of the

following integral equation

o ! 1 . 2nf . 2T« B
Kyu(x) := /1 m (sm T(x —y) — sin T(m — y)) u(y) dy = vu(x), (25)

for x € [—1,1], where we have suppressed the index .J for notational convenience.
Note that the kernel in (25) is more complicated than the sinc kernel appearing in
(23) that concerns the limiting case where the screen is attached on the top of the
waveguide. Eq. (25) has been studied in [29] where the authors consider a time—
frequency concentration problem for signals that have a prescribed bandwidth of the
form |w| € [a,b] for 0 < a < b; thus the frequency interval is not connected any longer.
Moreover, for general values of aw and 5 (o < () the work of Morrison [25], and SenGupta
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et al. [29], indicates that there cannot be found a second or fourth-order self-adjoint
linear differential operator with polynomial coefficients that commutes with the integral
operator K; defined in (25). The fact that in the case of Section 3.1 the corresponding
integral operator commutes with a quite simple second-order differential operator is
crucial for the analysis conducted by Slepian and his colleagues at Bell Laboratories,
(34, 19, 20, 31, 32].

Therefore we are not able to characterise completely the eigenfunctions of (25),
as was the case with the the eigenfunctions of (23) that were identified as PSWEF’s.
Nevertheless, the integral operator K is a compact symmetric operator from L?[—1,1]
to L?[—1,1], hence its eigenvalues vy > vy > -+ > v, > --- — 0, as n — oo, while its
corresponding eigenfunctions are complete in L?[—1, 1], [29].

Working as in Section 3.1 we may view the trigonometric polynomial p;(z) =
(2/D)/? Z _, u) sin "% as an approximation of the integral

\/@

’éyu dy, & =2mx/\= kuz,

where u is an odd eigenfunction of the integral equation (25) that corresponds to the
eigenvalue ;. Interestingly enough, one may follow the lines of SenGupta et al. in [29],
in order to prove that

/_ e“u(y) dy = Cv(x), =€ [0, D],

1

where v is a 0 ;—eigenfunction of the integral equation

ke ( —
Kyv(z) = /j Sfi(x(%y)y)v(y) dy = vv(z), (26)
for x € J = [-5,—a] U [a,[]. Here we stress the fact that in (26), J is the

disconnected interval [—f, —a]U]c, 8], while the kernel is a sinc function with bandwidth
parameter equal to the wavenumber. Note that K is also a compact symmetric operator
from L?(J) to L?(J), that has the same eigenvalues with (25), and its corresponding
eigenfunctions are complete in L?(J), [29].

Hence, the output of the imaging functional fffM when it is evaluated at the correct
range (see (21)) is recovered by the graph of the eigenfunction of (26) that corresponds
to the eigenvalue o ;. Note that the domain of the eigenfunctions v is extended for values
of x outside J, as usual, by using the left hand side of (26), that is well defined for
x € J, in order to define v for values of x that lie outside J. Specifically, let

1 [ sink(z —y) ; .
U(J?) - v /7 71'(1’ . y) (y> dy7 ¢ j

These remarks are illustrated in Figure 4 where we plot superimposed the graph of p?(x)
and the graph of the square of the corresponding eigenfunction of (26), normalised with
respect to their L.o—norms. All the physical parameters are the same as those used in
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Figure 4: The graph of (ps(z))? (dashed line printed in blue) superimposed on the
graph of the square of the corresponding eigenfunction of (26) (solid line printed in
red), for = € [0,200]. (Both are normalised with respect to their maximum values.) The
ordinates o = 60 and S = 100 are printed in green dashed lines. Top row: J = 1,2, 3,
bottom row: J = 4,5,6. The frequency is f = 73 Hz, D = 200 m, and the width of the
screen b = 40 m.

Figure 3, while the ordinates of the screen’s endpoints are &« = 60 m, § = 100 m, thus
the width of the screen is again b = 40 m.

As one may immediately verify there is very good agreement between the graphs
of p%(z) and the corresponding eigenfunctions of (26) squared. Moreover, notice that,
for example, p?(z) that corresponds to the largest eigenvalue (approximately equal to
one) exhibits a peak around the midpoint of the screen, p3(x) that corresponds to an
eigenvalue ~ 0.640 peaks near the endpoints of T, while pZ(z) that corresponds to an
eigenvalue ~ 0.025 is practically supported in the exterior of 7.

Remark 1 We close this section with a discussion concerning possible generalizations
of the theory presented here:

(i) The theory for the considered model problem can be generalized to the three
dimensional case for a waveguide with a bounded rectangular cross-section. In
this case, to allow for exploiting tensor product expressions the array should be
planar and the equivalent of the one dimensional screen would be a two-dimensional
rectangular planar screen. Both the array and the screen should be perpendicular
to the horizontal direction which is assumed to be the direction of propagation.

(i1) Considering a general reflector geometry is more challenging. Indeed, we can always
write the matriz P in the form of (17). This means that P can be always decomposed
as a product of a unitary propagator matriz () that transfers the field from the array
to the range of the reflector times the matriz Ay that carries information about the
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reflector, times the same unitary matrix (Q that now transfers the scattered field
from the reflector to the array. Therefore, the matrix P s unitarily equivalent
to the matriz Ay and information about the reflector can be obtained from the
singular value decomposition of P. Although, the structure of the matriz Ay does
not have in general the exact Hankel-minus-Toeplitz form observed for the screen
model problem, we expect that the conclusions drawn from the model problem carry
over to more general reflector’s geometries. In particular, as our numerical results
suggest, information about the reflector’s location and shape can be obtained from
the singular vectors that correspond to the largest and intermediate singular values
with the first ones focusing to the bulk of the reflector and the second ones focusing
to its boundary.

4. Partial aperture

We have spent the previous section reviewing and analyzing the performance of the
imaging functional T5M in the screen model-problem under the assumption that the array
spans the whole depth of the waveguide. Our main interest in this article, however, is in
imaging extended reflectors with a partial array. In what follows, we therefore consider
the screen model-problem with an array that does not span the whole [0, D]. Then
the vertical eigenfunctions X,, are no longer orthonormal along the array, and one may
immediately check that P as defined in (7) is no more unitarily equivalent to A,;. This
of course affects the efficiency of fffM in selective imaging in the sense that we lose
the usual ‘ordering’ of images which implies that projection of P on its first singular
vector exhibits focusing at the center of the reflector, while projecting on subsequent
significant singular vectors results in images that focus at the endpoints of the reflector,
[6, 36]. Even if we cast aside selectivity and concentrate in creating images with KM
we will soon discover, as one would expect, that the efficiency of KM deteriorates as
we decrease the length [, of the array. We illustrate this with the following example.
We consider a sound speed ¢y = 1500 m/s, the reference frequency is fo = 75 Hz, hence
the reference wavelength Ay = 20 m, and the depth of the waveguide is taken equal
to D = 200 m. All the experiments shown here are performed for a single frequency
f =173 Hz at which M = 19 modes propagate. The scatterer, i.e. the screen, is centered
at (L,xo) = (410,100) m and its length is b = 40 m = 2)y. The inter-element array
distance h = \g/8 = 2.5 m, unless stated otherwise. In the leftmost subplot of Figure 5
we show the image we obtain with T5M for full array, while the other three subplots
from left to right are created with array length [,,, = 180, 140, and 100 m, respectively.
In all cases the length of the array is reduced symmetrically from both ends. Moreover,
to assess the noise level of an image, we define the Signal-to-Noise Ratio (SNR) by,

max| 7 (&)

SNR — ESER _ :
max_|Z¥M(2)]
FES\R
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where R is a subset of our search domain & that contains the reflector. In our tests
we define R as a 6\y X 6y box with the scatterer lying at its center. The SNR value
can be used as a quantitative measure that corroborates the qualitative characteristics
of the image. In Figure 5, and in what follows, the boundary of R is drawn in red. As
it is evident from Figure 5, and the associated SNR values shown in the title of each
subplot, the quality of the image deteriorates as l,,, decreases.

50 50

100 100

150 150

2 2 2 - — 2
0950 300 350 400 450 500 550 0950 300 350 400 450 500 560 0950 300 350 400 450 500 550 0950 300 350 400 450 500 550

Figure 5: Imaging with Z¥™ for the screen. The length of the array from left to right is
lare = 200, 180, 140, 100 m, respectively, the frequency equals f = 73 Hz and the width
of the screen b = 40 m.

Let us remark here that this is not a limitation of the particular imaging functional
and, in general, a deterioration of the imaging results is expected as the array aperture
decreases. Similar results not shown here are also obtained with the classical Z*™
imaging functional. Next, we will propose an alternative definition of the matrix P in
order to preserve the nice properties that we have observed in the full array case to the
case of the partial-aperture array as well.

4.1. Weighted projection of the array response matrix for the partial array case:
Motivation

Now, we shall present a way to construct a weighted projection of the array response
matrix in the case of the partial-aperture array. Our observations in Section 3
regarding the band-limited nature of the trigonometric polynomials with coefficients
the eigenvectors of the matrix A, lead us to consider the M x M matrix with entries

(Auee)mn = AXm(x)Xn(:zr)dx, m,n=1,..., M. (27)

A,. is a real, symmetric Toeplitz-minus-Hankel matrix and possesses all the nice
properties that were described in Section 3. Let v;, j = 1,..., M, be its eigenvalues and

wl = (w],w, ..., wy,)" be the corresponding orthonormal eigenvectors. Moreover, let

W be the M x M orthogonal matrix W = (w', w?,...,w"), and s; be the trigonometric
polynomial

M
si(x) =Y w/Xi(x), j=1,2,...,M, (28)
=1

where w] are as above.
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Next, we project the array response matrix Il on the M trigonometric polynomials
Sn, rather than on the first M vertical eigenfunctions X,. Specifically, let S be the
M x M matrix with entries

. 1 .
Sin = /dazs/ dz, II(&s, &,,w) Sm(s) sn(z,), (29)
VmVn J A A
where m,n =1,..., M. It is immediate to verify that
/ sp(2) X (z)dz = pwk, kom=1,..., M. (30)
A

Replacing (12) and (28) into (29), and in view of (30), we arrive at the following
matrix identity

S=-1WTDsQ Ay QDsW. (31)
As a final step, note that W is an orthogonal matrix hence if we define
P =Dyt WSWTDy'. (32)
we may check that
P=—1D;' WW! DsQAuQDs W W' Dyt = —1QANQ. (33)
Y Ing

So, by following the steps described above, one may end up with a matrix P that (up to
the multiplicative constant —1/4) is unitarily equivalent to Ay. Let us also note that
in the full array case the orthonormality of the X,’s implies that A,, is the identity
matrix, s;(z) = X;(x) and W = I, thus we recover the previous definition of P, see

(7).

4.2. Implementation aspects

We feel that the previous approach may be useful for theoretical purposes mainly. The
main reason for that hinges on the fact that the data that we have in our disposal is
the N2 values tabulated in II. Hence the integrals over A in (30) have to be evaluated
numerically whereas the validity of (33) relies crucially on the fact that (30) holds. In
practice, (30) holds only approximately due to inherent errors in the course of numerical
integration; as a result those errors ‘pollute’ (33) as well.

In order to avoid these difficulties we propose the following implementation of
our method in order to work on the matrix level. To this end we consider the real,
symmetric matrix h(VTV), where V is the N x M matrix defined in (15). Let, also,
S be the M x N matrix with S;; = s;(x;), ¢ = 1,...,M, 7 = 1,..., N, where s;(z;)
is the i—th trigonometric polynomial defined in (28) evaluated at the depth of the j—
th transducer. Now, by abusing slightly the notation, v; and w’ = (wl, wi, ... ,wf\/[)T
are the eigenvalues and corresponding orthonormal eigenvectors of the Gram matrix
h(VTV). Notice that the scaling factor h is used here just to push the v;’s to cluster
near one and zero (instead of near h~! and zero) as we shall see later.
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It is easy to show that
SV =h'D,WT,  where D, = diag(i,...,vun),
(a matrix equivalent of (30)), and since W is orthogonal we deduce that
WD;'SV = h™ 'y
Therefore, if we define the matrix P as
P=D;'WD;'STS" D' W” D;",
we get that
P=-1D;' WD;'SV DsQANQD; V7 STegl W' Dyt = —:QANQ,

h71[1u h7111\4

so P is again unitarily equivalent to Ay, (up to the multiplicative constant —1/(4h?)).
We summarize these in the following definition

Definition 4.1 Given the array response matrix I for the scattered field, we first
consider the M x N matrix

S=D,'5, (34)
where
Sij=8i(z;), i=1,....M, j=1,...,N, and D, = diag(v1,...,v),
and next, we define P by
P=D;'WSTS"w’ D3, (35)
Then we use P in M (as defined in (6)), i.e.,

1

M
g D @R, (0) X, (00 B (),

m,n=1

iKkl(y—‘s’w> _

for imaging.

In order to assess the performance of fKM, as defined above, we apply our
methodology in the test case that we have considered in the beginning of the present
section. In the leftmost subplot of Figure 6 we show Tx™ images for full array, while the
other three subplots correspond to array lengths [, = 180,140, 100 m, respectively. In
all cases the length of the array is reduced symmetrically from both ends.

|__=200 m, SNR = 2.902 =180 m, SNR = 2.902 =140 m, SNR = 2.902 |__=100 m, SNR = 2.9022
ar ar ar ar
0 0 0 0

50 50 50 50
100 100 100 100

150 150 150 150

20850 300 350 400 450 500 550 20850 300 350 400 450 500 550 20850 300 350 400 450 500 550 20850 300 350 400 450 500 550

Figure 6: Imaging with T5M for the screen, when [, = 200,180,140,100 m, for
f =173 Hz.
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Next, in Figure 7, we plot selective imaging results obtained with the functional

M for J =1,2,3,4, when [y, = 180 m. Selective imaging with N}‘M performs as if we

were using the full-aperture array; all four images are very good with high SNR > 1.9,
and projection on the first singular vector results in focusing on the middle of the screen
while projection on the second to fourth singular vectors provides information about the
location of its edges. These images remain identical until we reduce by half the length

of the array (symmetrically from both ends).

=180 m, SNR = 3.3769 =180 m, SNR = 2.9326 =180 m, SNR = 1.9821 |__=180 m, SNR = 1.9493
ar ar ar ar
0 0

50 50

100 100

150 150

20350 300 350 400 450 500 550 20350 300 350 400 450 500 550 20350 300 350 400 450 500 550 20350 300 350 400 450 500 550

Figure 7: Imaging with ff,‘M for the screen, for J = 1,2,3,4 when [,, = 180 m, for
f =173 Hz.

The results in Figures 6, 7 are in perfect agreement with the theory in this ideal
case; they are excellent and in some sense counter intuitive, since there is no loss of
information despite the fact that we decrease the array length. Note that this is certainly
not true for the functional that we have used to create the images in Figure 5, where
the quality of the images deteriorates as the array aperture decreases.

4.83. Numerical experiments: Partial-aperture array imaging for the model problem

4.3.1. The noiseless data case So far we have seen that for the screen model problem
and under the assumption that all arithmetic operations are exact (i.e. they are
performed with infinite precision), the spectral properties of P (as defined by (35))
are determined by those of A, thus we expect TKM o perform in exactly the same way
as if we were using a full-aperture array. However, in practice we use finite precision
arithmetic so we have to examine whether and how this affects the performance of our
method.

A quite obvious cause of potential numerical instabilities is the presence of the
reciprocals v, ' of the eigenvalues of the matrix A(V7V) in the definition of S, see
(34). Hence it is important to examine the behavior of the v;’s, and how it is related
to the length of the array A. An important remark in this direction is that h(VTV)
may be considered as an approximation of the M x M matrix Toeplitz-minus-Hankel
matrix A,,. Therefore we would expect v; to cluster near 0 and 1 and, specifically,
roughly [larr/(A/2)] of them to lie near 1, and the rest M — [l,,,/(A\/2)] to approach zero.
Moreover, as l,,, decreases, more singular values tend to zero, and in fact h(VIV) will
become practically singular as soon as its minimum eigenvalue v,,;, falls below a certain

threshold.
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In some cases there do exist theoretical bounds for the minimum eigenvalues of
Toeplitz matrices. For example, Serra in [30] shows that if 7" is an (n + 1) x (n + 1)
Toeplitz matrix with generating function a real integrable function on [—m, 7], which is
strictly positive in a closed interval J C I and zero elsewhere, then for n sufficiently
large, and for any e € (0,t), its minimum eigenvalue A, is bounded as

C1 (t — e)n(n—i-l)/? < /\min < Co tn,

where ¢, ¢y are positive constants (independent of n), and ¢ is a constant less than one
that depends on the width of the interval J; specifically ¢ = sin(|J|/4), see also [28]. In
our case, we may apply these bounds in the case where the array is attached on the top
of the waveguide. Then the generating function of the Toeplitz-minus-Hankel matrix
A, is the indicator function 1 j(x) of J = [—lares larr], and the minimum eigenvalue of
A, is equal to the minimum odd eigenvalue of its associated (2M + 1) x (2M + 1)
Toeplitz counterpart. Hence, we expect its minimum eigenvalue to decrease to zero like

2
2 7Tlarr
T = S1n < 2D ) 5

72M where
As already said, we expect that the eigenvalues of h(VTV) behave like those of A,,.. In

Figure 8 we plot (using a logarithmic scale on the vertical axis) the minimum eigenvalue
Vmin Of the M x M matrix h(VTV) (computed in MATLAB) and the values predicted by
the bounds 72M and 72MEM+1)/2 55 1 decreases. As an indication of the relative error
due to floating point arithmetic we use the so-called machine epsilon ¢ (implemented
in MATLAB and printed as a blue dashed line in the figure). Here, the frequency
f = 73 Hz, D = 200 m, thus M = 19 modes propagate, and the array pitch is
h =25 m ~ \/8. The results shown in Figure 8 suggest that the minimum eigenvalue
of h(VTV) drops below € when the length of the array is less than 120 m.

T —o—Hmin

— o
\ & (nn+1)2)

— — -Machine &

107

200 190 180 170 160 150 140 130 120 110 100

Array length (m)

Figure 8: The minimum eigenvalue of h(VTV) (blue circles) vs. 7 (red asterisks) and
7+ 1D/2 (black diamonds) for f = 73 Hz and n = 2M, when we decrease the length of
the array from below.

In Figure 9 we plot the minimum eigenvalue of h(VZV') as we decrease I, and for
various values of the array pitch h. In the left subplot the length of the array is reduced
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symmetrically with respect to the mid-depth of the waveguide, while in the right one
the lower part of the array is cut off. The different markers (also typed in different
colors) shown in Figure 9 correspond to arrays with different densities; the value of h
that corresponds to each marker is reported in the legend of the figure in terms of the
reference wavelength Ay = 20 m. We observe that the decay rate is much faster in the
non-symmetric case (right subplot) than in the symmetric one (left). Moreover, the
density of the array seems to affect the rate at which v,;, drops below ¢; these results
indicate that the magnitude of vy, is stabilized with an inter-element array distance of
approximately \g/8.

- .
o 2 N o A2
"4 107 | e PN W
- A/8
0
/8 107 /16
10° b 216 xﬂ/gz
e
2/32 100 L o>
— — _Machine e — — —Machine ¢
10°
10407
107°
107%
107"° g
= § 1F T T T T T T T T Rt lioss N et 4
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Array length (m) Array length (m)

Figure 9: Behavior of vy,;, when we decrease the length of the array symmetrically from
both ends (left subplot) and just from below (right subplot), for f = 73 Hz.

By inspecting the plots in Figure 9 we expect no loss in image resolution or signal
to noise ratio (SNR) in our images with TKM ag long as vy, stays above some threshold
eT. However, as Vi, approaches machine ¢, most likely one will experience numerical
instabilities. As a regularization procedure we may try the following filtering: Consider
some threshold e*. Then if v, > e™ > v, 1, for some ¢ € {1,..., M}, we set 1/v; =0,
for i > c+1. Notice that the reciprocals v; ' of these small eigenvalues, which are in fact
very big, multiply the lower (M —c) x N part of the matrix S; let us call it S.. Intuitively
we expect the entries of S, to be very small since, for example, the j-th row contains the
values of the trigonometric polynomial s; calculated on the receivers’ depths, and recall
that our results in Section 3 suggest that when v; is small then s; is mainly supported
on the exterior of A (see, for example, Figures 3 and 4 that exhibit the behavior of the
trigonometric polynomials with coefficients the eigenvectors of the matrix A, defined in
(16), and recall that the matrix h(VTV) approximates A,,, defined in (27) which is of the
same form as Aj;). Indeed, one may prove that || S.||% = <Zi]\ic+1 vi)/h < (M —c)e*/h,
where ||- || is the Frobenius matrix norm, to give grounds to the proposed regularization
technique. Of course, in the case we employ this filtering technique we do not expect a
unitary equivalence relation between P and A m to hold any more.

We clarify the above by giving some examples. We decrease the length of the
array at l,, = 60 m (symmetrically from both ends ), i.e. the array covers 30% of
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the waveguide depth. In order to form P we use a threshold et = 10715 that forces
the reciprocals of the last three eigenvalues of h(VTV) to be equal to zero. One may
verify the good quality of the image shown on the top right corner of Figure 10 that is
obtained with the proposed filtering. On the top left corner we plot the singular values
of P. The bottom row in Figure 10 shows the corresponding results when we do not
use any filtering and demonstrates the catastrophic effect of roundoff errors during the
computation of P.

| ~somhezsm I, =60 m, SNR = 1.6739
o 0

50

100

004 ] 150

S 2|
0 5 10 15 20 O85() 300 350 400 450 500 550
I,,=60mh=25m Iarr=60 m, SNR = 0.78969

O
Oﬂ 5 10 15

Figure 10: Top: The singular values of P (left) and the associated Z¥™ image (right)
that we obtain with threshold e* = 107'°. Bottom: The same as in the top row but
without using e*. Here l,,, = 60 m, h = \¢/8 and f = 73 Hz.

Figure 11 depicts selective imaging results with f}(M, where again in the course
of constructing P we employ the threshold et = 107!, Here, selective imaging with
i}fM fails, in the sense that the usual ordering in focusing does not hold anymore. To be
precise, this means that we lose the property that when we project on the singular vector
that corresponds to the largest singular value we get an image that provides information
about the bulk of the object, while projection on the singular vectors that correspond
to smaller singular values carry information about its edges. This is something to be
expected since filtering prevents to establish a unitary equivalence relation between P
and Ay, However, the images for J = 2, 3 and 4 still have good SNR and provide
useful information about the object.
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Figure 11: Imaging with i’f]{M for the screen with e* = 10715, for J = 1,2, 3,4, when
lare = 60 m, for h = A\¢/8 and f = 73 Hz.

In order to push Z" to the limit for this model problem we decrease (symmetrically)
the length of the array to be equal to l,,; = 20 m (this is just 10% of the total waveguide
depth). In this case, we make the array denser by setting the pitch h = A\g/20 = 1.0 m.
The image shown in Figure 12 is generated with a threshold equal to e™ = 107!% that
removes the reciprocals of the last 8 singular values of h(VTV). We observe that the
ZK™ image gives us very good information about the object, although its SNR value is
quite low, about 1.2, due to the presence of the small artifact that is visible on the right
side of the image.

|_ =20 m, SNR = 1.1834
arr

Figure 12: Imaging with T¥M for the screen with e* = 107! when lary = 20 m, for
h = Xo/20 and f = 73 Hz.

We close this paragraph with a few remarks.

Remark 2 (i) In all results that we have shown thus far we have reduced the length of
the array symmetrically from both ends and we have placed the screen centered
in the mid-depth of the wavequide. We have experimented with various other
configurations altering the way we reduce the array and/or the position of the screen.
Our results suggest that in some cases we may have to use filtering for larger array
lengths than before. For example, when we reduce the length of the array from
below the eigenvalues of h(VTV) decrease towards zero much faster, see Figure 9,
and indeed in this case we have to employ some threshold €™ for larger arrays than
those reported in the examples shown here.
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(i1) One may try different approaches to construct a weighted projection of the array
response matriz in the partial array case. For example, we may define P =
Dg_1 VEIL(VT)* Dgl, where V1 is the Moore-Penrose pseudoinverse of V. Then it
1s tmmediate to check that in the screen model problem, and under the assumption
that all computations are performed with infinite precision, P is unitarily equivalent
to Apr. However, as we decrease the length of the array we still have to use a
reqularized pseudoinverse that treats as zero any singular values of V' less than
some suitable threshold.

(11i) So far we have seen that when we decrease Ly, beyond some level and we employ
some thresholding to the v; ' the nice ‘ordering’ property of the selective imaging
functional i’}(M does not hold. However, in a post-processing stage, one may still
have some benefit in imaging using the functional fKM’f, see (9), where in the filtered
version of]l/;) we may take into account those of its singular vectors that correspond
to ‘good ’fffM mages.

4.3.2. Adding noise to the data In the previous subsection, we found that T seems
to work very well under ideal conditions that allow us to derive I analytically in the
special form (13). Now we shall examine the performance of our method under the
effect of measurement noise. Specifically, we model measurement noise, as in [6], adding
a noise matrix W(w) with zero mean uncorrelated Gaussian distributed entries with
variance €puyg, i.e. Wi s(w) ~ N(0, €pavg). Here the average power received per source
and receiver is given by

1 -~
Pavg = WHH((’U)HIQT:

where || - ||r is the Frobenius matrix norm. The expected power of the noise W (w) over
all receivers and sources is

E [|[W(w)I[E] = eN? Pave-

Since the total power of the signal received over all receivers and sources is N? p,yg, the
Signal-to-Noise Ratio (SNR) in dB is —101log, €.

In Figure 13 we superimpose the singular values of Il and II + W when we add
noise of 10 dB to our data, and the array is reduced symmetrically to have length equal
t0 lary = 140 m. We use a linear scale for the y-axis in the left subplot and a log;,, scale
in the right one. As one may immediately verify the largest singular values of 0+w
remain close to those of ﬁ, while the noise severely affects the smaller ones.
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| =140 m, Noise =10 dB | =140 m, Noise =10 dB
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Figure 13: The singular values of II and II + W using a linear scale for the y-axis (left)
and a log,, scale (right). Here [,,, = 140 m and f = 73 Hz.

Next, we present the outcome of some of the experiments that we have performed
with 10 dB SNR, keeping the rest of the parameters the same as in the previous sections.
We begin with an array with [,,, = 140 m. In Figure 14 we plot the singular values of
h(VTV) using a linear scale for the vertical axis in the left subplot and a log;, scale
in the right one. Note that the smallest singular value is greater than 10, hence all
the singular values of h(VTV) are well above the threshold et = 107! that we have
used so far. However, as one may see in the top left subplot of Figure 15 the SVD of
P does not follow the usual pattern. Specifically, the first singular value of Pis 133.2,
the second 57.9, while the rest are less than 1. This is an indication that something
goes wrong and, indeed, the corresponding image shown in the bottom left subplot is
just noise. In order to improve this unsatisfactory result we employ some threshold e*
during the computation of S in order to remove gradually those v; ' that correspond to
the smaller v;’s, one at a time. The KM images obtained by removing those v, I that
correspond to the smallest one, or two, v; are also very bad and we do not show them
here. In the middle subplots of Figure 15 we present the singular values of P (top) and
the corresponding Z¥™ image (bottom) for a threshold e™ = 1072; with this value we
treat as zero the v; ! that correspond to the smaller three v;’s, see Figure 14. Things
are also well by choosing et = 5 - 1072, thus setting one more v; ' equal to zero.
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Figure 14: The singular values of h(V1V) using a linear scale for the y-axis (left) and
a logy, scale (right). Here l,,, = 140 m and f = 73 Hz.
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Figure 15: Singular values of P (top row) and Z*" images (bottom row) for the screen,
without a threshold (left subplots) and with a threshold et = 1072 that removes 3
(middle subplots) and e* = 5- 1072 that removes 4 (right subplots) of the smallest v; ',
respectively (compare with Figure 14). l,,, = 140 m, and f = 73 Hz.

Looking once again at Figure 14, and recalling the results of Section 3, we realise
that the choice of the threshold value e = 5 - 1072 does in fact dictate to project the
array response matrix il just on the trigonometric polynomials that are supported on
A; also recall that their number is expected to be roughly [, /(A/2). Keeping this in
mind, we next examine whether in order to obtain good images for various lengths of
the array it suffices to compute P using a threshold ™ that excludes those trigonometric
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polynomials with coefficients the eigenvectors of A,,, that belong to the noise subspace;
these are supported on the exterior of A. To this end, we plot in Figure 16 the singular
values of A(VZV) (top line) and the corresponding Z** images (bottom line) for the
screen, with [,,, = 120 m (left subplots), l,,; = 100 m (middle subplots), and l,,, = 90 m
(right subplots). In all cases we take e = 51072 that removes 6, 8 and 8 of the
smallest v; !, respectively. As one may see, and as it is expected, the quality of the
images deteriorates as we decrease the length of the array but it remains acceptable

even if we place symmetrically in the waveguide an array that covers more or less the
half of its depth.
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Figure 16: Singular values of A(VZV) (top row) and Z¥™ images (bottom row) for the
screen, with [,,, = 120 m (left subplots), l,,; = 100 m (middle subplots), and l,,, = 90 m
(right subplots). In all cases e* = 5- 1072 that removes 6, 8 and 8 of the smallest v; ',
respectively.

Finally, on both subplots of Figure 17, instead of using the whole matrix @, as it
is obtained with thresholding with e™ = 51072, we project on certain of its singular
vectors. On the left subplot [, = 100 m and we project on the second and third
singular vectors of @, while on the right one [, = 90 m and we project just on the
second singular vector. Both images exhibit better SNR compared to their counterparts
in Figure 16, albeit with a worse range resolution.
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Figure 17: Tt images for the screen, with [,,, = 100 m where we project on the second
and third singular vectors of P (left subplot) and [,,, = 90 m where we project on the
second singular vector. In both cases P was derived with et =5-1072.

5. Numerical experiments

So far we have seen that the proposed definition of the projected array response matrix
]IAD, see (35), leads to excellent imaging results in the ideal screen model problem even
for very small arrays. Of course, one may reasonably argue that this method is tailored
to that specific model problem, hence it is natural to ask how it performs when applied
in situations that deviate from the previously described ideal setting. To this end, in
the present section, we assess the performance of T5M wwith partial information for a
scatterer that is either square- or disc-shaped. Moreover, the array response matrix
for the scattered field I is computed numerically by solving the full wave equation
(1) supplemented with appropriate initial and boundary conditions, with the aid of
Montjoie [22], a high-order finite element C++ code developed at INRIA.

We truncate the infinite in range waveguide with two perfectly matched layers
(PML) [3, 12], see Figure 18. One near the source ranging between —100 and 0 m,
and the other far from the source between 500 and 600 m. We found that the 100 m
PML width was effective to absorb outgoing waves at least for the frequency range
that we used. We discretize the resulting computational domain with quadrangles on
which the usual basis functions of the Q, family (Q,, = span{z‘y™, 0 < ¢, m < n}) are
used. Specifically, we use Qg polynomials for the square scatterer, and Q5 for the disc.
Numerical quadrature is based on Gauss-Lobatto rules, and for time discretization we
employ a fourth-order Leap-Frog scheme.

The array imaging setup is similar to the one used in the previous section, with the
exception that now our vertical array is placed at z, = 40 m, has a pitch h = 5 m and
spans the whole depth of the waveguide. Then we extract the array response matrix
for the partial array by removing appropriate lines and columns from the matrix that
corresponds to the full aperture array. The results shown in this section regard an array
that its length is reduced symmetrically from both ends, and a scatterer that is centered
in the mid-depth of the waveguide.
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Figure 18: Sketch of a waveguide that is truncated near and far from the source with
two PML.

5.1. Constant sound speed

To begin with, we consider a constant sound speed ¢y = 1500 m/s, and we assume
that the length of the array equals l,, = 180 m. The singular values of h(VIV) are
shown in the left subplot of Figure 19. They are all larger than 0.5 thus suggesting that
there is no need to employ some threshold in the computation of S. Indeed, the ZKM
images for the square and the disc, that are shown in the middle and right subplots of
Figure 19, respectively, are both very good. The image for the square reconstructs the
left side of the scatterer, while for the disc it mainly focuses around the left endpoint of
its horizontal diameter.
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Figure 19: Singular values of h(VTV) (left), imaging with Z¥™ for the square (middle)
and the disc (right), when l,,, = 180 m, for f = 73 Hz.

In Figure 20, we present selective imaging results with fffM for the square on the
top row, and for the disc on the bottom row. The images are very similar to the
corresponding ones for a full array, and these for the square-shaped scatterer compare
very well with those we have seen for the screen model problem in Figure 7.
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Figure 20: Imaging with ff]‘M for the square (top) and the disc (bottom), for J =1,2,3,4
when [,,, = 180 m, for f = 73 Hz.

To work with smaller arrays it emerges the need of imposing a threshold e in the
course of computing S. All results that we present in the remaining of this subsection
were derived with et = 0.02, which practically means that we project the array response
matrix 1 just on the trigonometric polynomials that are supported on A. In Figure 21
we plot the KM images for the square on the top row, and the disc on the bottom row,
for array lengths [,,, = 160, 140, 120 m from left to right respectively. We observe that
the quality of the image deteriorates for smaller arrays, and specifically the images for
the disc exhibit narrower focusing to the the left endpoint of its horizontal diameter.
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ar ar ar

350 400 450 500 550 350 400 450 500 550 400 450 500 550

\a':160 m, SNR = 2.8807 Iav:MO m, SNR =2.221 \a':120 m, SNR = 1.8964

4 4

4

20.800 350 400 450 500 550 600 20.800 350 400 450 500 550 600 20.800

Figure 21: Imaging with Z*M for the square (top) and the disc (bottom), when
lar = 160,140,120 m, for f = 73 Hz and £t = 0.02.

We continue decreasing the length of the array until it covers the half of the
waveguide depth, i.e. [, = 100 m. The leftmost subplot in Figure 22 depicts the
T image for the square scatterer. This is a more ‘noisy’ image compared to those on
the top row of Figure 21, and the SNR has dropped. In order to improve the quality
of the image, we experiment with Z¥¥* (see (9)). The middle subplot in Figure 22 is
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derived by projecting on the first and second singular vectors of @, while for the one on
the right we project on the first and third singular vectors. The middle image exhibits
less noise and increased SNR, and it is focused mainly towards the endpoints of the of
the illuminated side, while the right image mainly focuses on its midpoint.

Iavr:100 m, SNR = 1.4537 \a”:100 m,SNR=2.1323, Vf=1 2 \a”:100 m, SNR =1.8314, V=1 3

- 2 2 -
350 400 450 500 550 600 350 400 450 500 550 600 350 400 450 500 550 600

Figure 22: Imaging with T (left) and KM when projecting on singular vectors 1,2
(middle) and 1,3 (right), when I, = 100 m, for f = 73 Hz and ¢™ = 0.02.

It seems that the limiting case, at least for the current setup, is to consider an array
with length equal to [, = 80 m. In the leftmost subplot of Figure 23 we display the Z™
image, which, although being quite ‘noisy’, seems to locate the square-shaped scatterer.
We then examine whether Z¥M? may improve the quality of the image. Indeed, when we
project on the first three singular vectors of P we obtain the middle image in Figure 23,
while the outcome of projecting on the first two singular vectors is the image on the
right. Both of them are slightly improved compared to the ZKM image.

Ia”:SO m, SNR = 1.2367 \a”:BO m,SNR=1.2048, Vf=1 2 3 Ia":BO m,SNR=1.387, Vf=1 2

2 2
350 400 450 500 550 600 350 400 450 500 550 600 350 400 450 500 550 600

Figure 23: Imaging with ZxM (left) and T when projecting on singular vectors 1,2, 3
(middle), and 1,2 (right), for l,,, = 80 m, f =73 Hz and ¢t = 0.02.

5.2. Depth-dependent sound speed

As a step towards a more realistic marine environment we assume that the speed of sound
in the water is a function of depth. Then we no longer have an analytic expression for
the eigenvalues and the vertical eigenfunctions X,,, and we compute them numerically
solving the associated Sturm-Liouville eigenvalue problem. However, the X,,’s still form
an orthonormal basis of L?[0, D], hence everything we did up to here carries over to
this case too. The sound speed profile that we consider in our experiments is shown in
Figure 24, and is adapted from [14] to fit the current waveguide setup.
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Figure 24: Depth-dependent sound speed profile for our waveguide.

On the top of Figure 25 we plot the ZKM image for an array with length [,,, = 180 m.
In the bottom row, we show selective imaging results with f}‘M All images are very
similar to the corresponding ones for the homogeneous case shown in Figures 19 and 20,
with its SNR values being slightly increased.

| =180 m, SNR = 2.3099
ar
0

50|

R e

150|

200 350 400 450 500 550 600

=180 m, SNR = 1.3397 =180 m, SNR = 2.1246 |__=180 m, SNR = 2.0855 |__=180m, SNR =1.3917
ar ar ar ar
0 0

50

100

150

200!

350 400 450 500 550 600 200

| e— -
350 400 450 500 550 600

350 400 450 500 550 600

350 400 450 500 550 600

Figure 25: Top: Imaging with 5™ for the square. Bottom: Selective imaging with fffM,
for J =1,2,3,4. (lary = 180 m, f = 73 Hz.)

For smaller arrays, as in the case of a homogeneous medium, we have to impose
a threshold et to compute S. Here we adopt e™ = 0.022, which again implies that
we project il just on the trigonometric polynomials that are supported mainly on A.
In Figure 26 we plot the KM images for the square-shaped scatterer, for array lengths
lare = 160,140,120 m from left to right, respectively. All images illuminate the left
side of the scatterer; compare with the corresponding images for constant sound speed,
shown on the top row of Figure 21.
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Figure 26: Imaging with 5™ for the square, for [, = 160,140,120 m, respectively,
f =73 Hz and et = 0.022.

Images shown in Figure 27 are extracted with an array length equal to ., = 100 m.
The Z¥M image on the left hand side, may be further improved using 7M1 The middle
subplot depicts the Zemf image that we obtain when we project on the first two singular
vectors of @, and the right one when we project on the singular vectors 1 and 3. Both
of them are improved compared to the Z¥™ image exhibiting much higher SNR.

Ia"=100 m, SNR = 1.5672 \z”=100 m, SNR =2.4788, V=1 2 \z”=100 m, SNR =26736, V=1 3
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Figure 27: Imaging with ZKM (left) and 5™ when projecting on singular vectors 1,2
(middle) and 1,3 (right), for l,, = 100 m, f = 73 Hz and ¢t = 0.022.

Finally, we decrease the array length to [,, = 80 m. Likewise the homogeneous
case, the KM image shown on the left subplot of Figure 28 is quite noisy but it seems
to locate the object. Using 5™ and projecting on the first three and first two singular
vectors of P leads to improved images as shown in the middle and right subplots of
Figure 28, respectively.
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Figure 28: Imaging with T (left) and TKMf when projecting on singular vectors 1,2, 3
(middle), and 1,2 (right), for l,,, = 80 m, f = 73 Hz and ™ = 0.022.

The corresponding images for the disc-shaped scatterer for the depth-dependent
sound speed profile are analogous to those for the square, therefore we do not show
them here for sake of brevity.
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6. Conclusions

In this work we considered the problem of locating and imaging extended reflectors in
a waveguide using an active array of sensors. To image we use an imaging functional
introduced in [36], Z¥M_ that is a variation of Kirchhoff migration where instead of
back propagating the array response matrix ﬁ we back propagate a weighted modal
projection of this, denoted P. For an array that spans the whole waveguide depth the
definition of P is straightforward and consists in integrating over the array I against
the modes, i.e., the eigenfunctions of the corresponding two-point vertical eigenvalue
problem in the waveguide. To analyse the properties of 75 we have considered a
simplified model problem where the scatterer is a vertical ‘screen’. By investigating this
problem we showed that there is a relation between the singular vectors of P and the
prolate spheroidal wave functions. More precisely, we observed that when the screen is
fixed on the surface of the waveguide, we recover exactly the prolate spheroidal wave
functions. Although this is not the case for other positions of the screen, selective
imaging with Z%M gtill exhibits a prolate-like behavior, in the sense that projection on
the singular vectors that correspond to the largest singular values results in an image
that focuses on the bulk of the screen, projection on singular vectors that correspond
to intermediate singular values results in an image that focuses on the endpoints of the
screen, while projection on singular vectors that correspond to very small in magnitude
singular values does not provide any information about the position and the size of the
screen.

The main contribution of this paper is that we have considered the case of arrays
with partial aperture that do not span the whole depth of the waveguide. In that case,
the main difficulty lies on the definition of the weighted modal projection P which should
be adequately modified in order to preserve the nice properties we observed in the full
array case. Remark that in this case the modes are no longer orthonormal on the array
and we use instead the corresponding prolate (or prolate like) spheroidal wave functions
on the array to define P. As the array aperture decreases we propose to use only the
prolate functions whose support lies inside the array aperture and this introduces a
natural regularization to the imaging problem.

We have seen that for the screen model problem, imaging with fKM, even if we
remove half of the length of the originally full array, still creates images that are identical
to those created with a full array-aperture! Furthermore, 7™ ig able to locate the screen
with an array that has length equal to 10% of the waveguide’s depth.

We have also examined the performance of the proposed imaging functionals in
the presence of additive noise, in the case of extended reflectors such as a square and
a disc, as well as, for a non-homogeneous waveguide with a depth dependent velocity
profile. In all these cases, our numerical results suggest that we can successfully image
the scatterers even when we remove half of the array in length.
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